The baryon magnetic and transition magnetic moments are computed in heavy baryon chiral perturbation theory in the large-N c limit, where N c is the number of colors. One-loop nonanalytic corrections of orders 
I. INTRODUCTION
The SU(3) group theoretical approach to deal with baryon magnetic moments was first developed by Coleman and Glashow [1] ; their analysis lead to the celebrated relations -named after them-among octet baryons in terms of two parameters, namely,
along with the isospin relation
where the superscript (0) will denote to the SU(3) symmetric values hereafter. Soon after the discovery of relations (1), experimental analyses found discrepancies by a few standard deviations from the SU(3) values. Since then, a number of methods have been used in order to improve the numerical predictions of Coleman and Glashow by including SU(3) breaking effects. Among these methods, heavy baryon chiral perturbation theory [2, 3] and the 1/N c expansion of QCD [4, 5] , where N c is the number of colors, have been two schemes to understand the low-energy consequences of hadrons.
As a matter of fact, the combined use of chiral perturbation theory and the 1/N c expansion is another calculational scheme which constrains the low-energy interactions of baryons with with the meson nonet 1 in a more effective way than each method alone [6] . Let us recall that in the chiral limit m q → 0 and mesons become massless Goldstone boson states; as a result, there is an expansion in powers of m q /Λ χ , where Λ χ ∼ 1 GeV is the scale of chiral symmetry breaking.
On the other hand, in the large-N c limit, decuplet and octet baryons become degenerate, namely
where M T and M B denote the SU(3) invariant masses of the decuplet and octet baryon multiplets, respectively. It turns out that decuplet and octet baryon states constitute a single irreducible representation of the contracted spin-flavor symmetry of baryons in large-N c QCD [4, 5] . Corrections about the large-N c limit then appear in powers of 1/N c . All in all, the combined expansion in m q /Λ χ and 1/N c requires to consider the double limit m q → 0 and N c → ∞. 1 In the large-N c limit the η ′ meson is related to the usual octet mesons π, K and η.
Caldi and Pagels [7] , in the framework of chiral perturbation theory, found that corrections to baryon magnetic moments appear in the non-analytic forms m 1/2 q and m q ln m q , which can be obtained from meson-loop graphs. In heavy baryon chiral perturbation theory [2, 3] , loop graphs have a calculable dependence on the ratio m Π /∆, where m Π denotes the mass of meson Π = π, K, η. In order for the theory to be valid, the conditions m Π ≪ Λ χ and ∆ ≪ Λ χ must be met, although the ratio m Π /∆ is not constrained and can take any value [8] .
In a previous paper [9] we computed one-loop corrections to baryon magnetic moments within a combined expansion in m q and 1/N c . We considered contributions of orders O(m 1/2 q ) and O(m q ln m q ) to relative order 1/N 3 c in the 1/N c expansion. The best way of approaching this problem was in the degeneracy limit ∆ → 0. The resultant theoretical expressions agreed, order by order, with others obtained within baryon chiral perturbation theory [10] [11] [12] [13] for octet and decuplet baryons and also for octet-octet and decuplet-octet transitions. Additionally, a comparison with the current experimental data [14] through a least-squares fit allowed us to get information about the free parameters of the theory. Although the predicted values obtained for all 27 possible magnetic moments were according to expectations, the fit somehow seemed to be not entirely satisfactory in the sense that the SU(3) invariants of chiral perturbation theory are not well reproduced in our approach.
It would be desirable to relax the restriction ∆ → 0 and consider the more realistic case ∆ = 0.
Indeed, in the present paper we do so as a second approximation in the contributions arising from loop graphs of order O(m 1/2 q ) only; we thus postpone the study of contributions of order O(m q ln m q ) for a future work [15] . Our motivation here is not really to be definitive about the determination of baryon magnetic moments in the combined scheme but rather to explore the effects ∆ = 0 has on the fit to experimental data. Any noticeably improvements should be observed in the best-fit values of the parameters in the fit and also in the value of χ 2 .
This paper is organized ad follows. In Sec. II, apart from introducing our notation and conventions, we also provide an overview on the determination of baryon magnetic moments in large-N c chiral perturbation theory. We start our discussion by defining the tree-level values and then, in Sec. III, we continue with getting one loop corrections. Specifically, we concentrate on corrections of order O(m 1/2 q ) by constructing the baryon operator which describes such contribution; the dependence on ∆ is manifest at this level. We proceed further in order to achieve the reduction of this operator in the two flavor representations involved. The theoretical expressions obtained are thus compared with other determinations in the frame of chiral perturbation theory. In Sec. IV we carry out a least-squares fit in order to determine the best-fit parameters of the theory which allow us to predict numerical values of the unobserved magnetic moments; we then compare them with other numerical predictions. Finally, in Sec. V we discuss our findings. This work is complemented by Appendix A where we provide the reduction of the baryon operators to the order in 1/N c discussed here.
II. BARYON MAGNETIC MOMENT IN LARGE-N c CHIRAL PERTURBATION THEORY
The present analysis builds on earlier works, particularly on Refs. [4] [5] [6] 16] which established the mathematical groundwork on large-N c QCD and the 1/N c expansion for baryons, and also on Ref. [9] , where baryon magnetic moments in large-N c chiral perturbation theory in the degeneracy limit were discussed. Thus, we only give an outline of some relevant issues here.
The starting point of the analysis of Ref. [9] relies on the fact that, in the large-N c limit, the baryon magnetic moments possess the same kinematical properties as the baryon axial-vector couplings so they are described in terms of the same operators. The 1/N c expansion of the baryon axial vector operator A kc , at the physical value N c = 3, can be written as [5] 
where a 1 , b 1 , b 2 and c 3 are unknown coefficients not determined by the theory and
where J k , T c , and G kc are the baryon spin, flavor and spin-flavor generators of the contracted spinflavor symmetry SU (6) . Successive higher order operators are obtained from the previous ones as
n are diagonal operators with non-vanishing matrix elements only between states with the same spin whereas O kc n are purely offdiagonal operators with non-vanishing matrix elements only between states with different spin. Now, in a complete analogy to expression (3), the 1/N c expansion of the operator which yields baryon magnetic moments can be written as [9] 
where the series has also been truncated at N c = 3. The magnetic moments are proportional to the quark charge matrix Q = diag(2/3, −1/3, −1/3), so they can be separated into isovector and isoscalar components, M k3 and M k8 , respectively. Thus, the baryon magnetic moment operator can be defined as
Hereafter, the spin index k of M k will be set to 3 whereas the flavor index Q will stand for Q = 3 + (1/ √ 3)8 so any operator of the form X Q should be understood as
The baryon magnetic and transition magnetic moments at tree level can be straightforwardly computed from Eq. (8) . The required matrix elements of the operators involved in such an expression are listed in Ref. [9] and will not be repeated here. Let us now proceed to discuss the leading one-loop corrections.
III. ONE-LOOP CORRECTIONS TO BARYON MAGNETIC MOMENTS
The one-loop diagrams that contribute to baryon magnetic moments are displayed in Figs The analysis of baryon magnetic moments in the framework of large-N c chiral perturbation theory presented in Ref. [9] was carried out in the degeneracy limit ∆ → 0. We now intend to find out the effects ∆ = 0 has on the leading order corrections O(m 1/2 q ) and also on the overall fit to the experimental data. However, the calculation involving a non-vanishing ∆ introduces a number of issues not discussed in Ref. [9] . First, one can discern that an immediate modification can be found in the baryon propagator in the loop integral of Fig. 1 , which now has an explicit dependence on ∆. In order to deal with this issue, we can follow the approach implemented in the analysis of flavor 27 nonanalytic corrections to the baryon masses presented in Ref. [6] . In this work, is was stated that in the chiral limit the baryon propagator is diagonal in spin so it can be expressed as
where P j is a spin projector operator for spin J = j, which satisfies by definition
and ∆ j stands for the difference of the hyperfine mass splitting for spin J = j and the external baryon, namely,
The hyperfine mass splitting originates from the 1/N c expansion of the baryon mass operator M which transforms as a (0, 1) under SU(2) × SU(3). It reads [6] 
where the coefficients m 0,1 (n) are dimensionful parameters of order O(Λ). The first term in Eq. (12) is the overall spin-independent mass of the baryon multiplet whereas the spin-dependent terms define M hyperfine . Thus, for p-wave pion emission ∆ j reduces to [6] 
at leading order 1/N c in the 1/N c expansion.
A realization of P j is given by [6] 
i.e., the projection operators for spin J j is given by the product over all
not equal to J j . The general form of the spin projector (14) for arbitrary N c can be found in Ref. [6] ; however, here we just need the spin-
and spin- 3 2 projectors for N c = 3, which read
where
and
It is straightforward to check that expressions (15) meet conditions (10).
The diagram Fig. 1 is thus given by the product of a baryon operator times a flavor tensor containing information about the loop integrals. Using the baryon propagator (9), the loop graphs of Fig. 1 can thus be expressed as
where A ia and A jb of Eq. (3) have been used at the meson-baryon vertices. Here Γ ab (∆ j ) is an antisymmetric tensor which explicitly depends on the difference of the hyperfine mass splitting ∆ j . It can be decomposed as
where the tensors Γ ab i are written as [16] 
Let us recall that Γ ab 0 and Γ ab 1 are both SU(3) octets, except that the former transforms as the electric charge whereas the latter also transforms as the electric charge but rotated by π in isospin space.
In turn, Γ and I(m K , ∆ j ) which result of doing the loop integrals; they read
where the loop integral is [10]
where f ∼ 93 MeV is the pion decay constant, M N and m denote the nucleon and meson masses, respectively, and µ is the renormalization scale.
Thus, the one-loop correction arising from Fig. 1 can be decomposed into the pieces emerging from the flavor 8 and flavor 10 + 10 representations as follows,
where the flavor contributions read
For computational purposes, a free flavor index c has been left in Eqs. (24) 
for octet baryons,
for decuplet baryons
and for decuplet-octet transitions.
To proceed further, let us note that a generic operator product like
jb , where α and β are some coefficients. The first summand in the expression mentioned previously corresponds to the degeneracy case ∆ → 0 discussed in Ref. [9] whereas the second one is the new contribution to be dealt with in the present analysis. Now, in the product operators such as 
(2) Flavor 10 + 10 representation
where the free flavor index c will be set to 26)- (28) between baryon SU(6) symmetric states. Most matrix elements are listed in Ref. [9] , except for a few ones which result from anticommutators of some of the already existing operators with J 2 , whose matrix elements can be trivially evaluated. As as example, for
which in the limit ∆ → 0 reduces to the value already found [9] . Theoretical expressions like (31) are quite useful when comparing our results with the ones obtained in the framework of chiral perturbation theory [10] [11] [12] [13] . It has been already shown that there is a one-to-one correspondence between the parameters of the 1/N c baryon chiral Lagrangian at N c = 3 [6] and the octet and decuplet chiral Lagrangian [2, 3] . The baryon-pion couplings are related to the coefficients of the
For octet baryons, the magnetic moments computed in Ref. [10] can be rewritten as
where α i corresponds to the tree-level value of baryon i, β For µ Σ − , the corresponding chiral coefficients listed in Ref. [10] read , respectively. For instance, for the first relation one has
Analogous results are obtained for the remaining relations and will not be listed here.
In addition, we can also verify that the sum rules derived by Caldi and Pagels [7] are also satisfied for ∆ = 0 in our approach, namely,
In turn, the relation
also holds to this order.
Similarly, for decuplet baryons we also find that the sum rules introduced in Ref. [17] are also satisfied,
and µ (loop 1)
whereas for transition magnetic moments, one also has µ (loop 1)
(loop 1)
In summary, the introduction of a non-vanishing ∆ does not modify the sum rules between magnetic moments derived in previous works. We are now in a position of performing a fit to the experimental data [14] in order to provide numerical estimates of our findings. This is now discussed in the next section.
IV. FIT TO EXPERIMENTAL DATA
We are ready to perform a numerical comparison of the theoretical expressions obtained here with the available experimental data [14] through a least-squares fit. In order to perform this comparison on an equal footing as in Ref. [9] , we also use the very same 11 baryon magnetic moments. This information is displayed in Table I (second column from As for the least-squares fit, the actual theoretical expressions we use are given as
where a scale factor α 0 = 2µ exp p is incorporated in order to ensure that the best-fit parameters m i are order one at most. For the present analysis, µ (loop 1) B is the contribution obtained here which includes a non-vanishing ∆ whereas µ (loop 2) B is the contribution already discussed in Ref. [9] in the degeneracy limit.
In order to get a meaningful χ 2 , we need to add a theoretical error to each magnetic moment.
In the analysis of Ref. [9] the estimated error was 0.05 µ N . If we add this now, the fit would indeed produce a small χ 2 , but the analysis would be strongly biased by the determination of µ ∆ ++ used.
We prefer to add a more conservative estimate of 0.03 µ N , assuming that the error we introduce with the approximation implemented is ∼ 1/N 
with χ 2 = 13.75 for three degrees of freedom and the quoted errors come from the fit only. The higher contributions to χ 2 come this time from µ Λ (∆χ 2 = 2.43), µ Ξ 0 (∆χ 2 = 2.81) and µ ∆ ++ (∆χ 2 = 2.74). The relative high χ 2 almost doubles the one got in Ref. [9] , which is a consequence of our working assumptions. [2, 3, 10] , which causes some worry.
In Table I , the third column (from left to right) displays the predicted magnetic moments within the combined expansion in m q and 1/N c . These predicted values consist of contributions arising from tree level and loop graphs from Fig. 1, Fig. 2(a-d) , and Fig. 2(e) . The predictions are in good agreement with the measured ones. We are able to also provide some predictions of the unmeasured magnetic moments. They are in overall good agreement with other determinations in the framework of the 1/N c expansion [17] and chiral perturbation theory [12] . We only mention that, for instance, µ Σ * 0 = 0 at tree level and up to corrections of order O(m 1/2 q ), but a nonvanishing contribution is picked up due to terms of order O(m q ln m q ). We also note in passing that, for the transition Σ * 0 Λ although its predicted magnetic moment is in magnitude comparable to the one reported in Ref. [17] , its carries the opposite sign.
V. CONCLUDING REMARKS
In this paper we evaluated the magnetic moments of baryons within large-N c chiral perturbation theory, including one-loop corrections of orders O(m 1/2 q ) and O(m q ln m q ) by following the lines of Ref. [9] . The present analysis differs from the previous one in the sense that here we consider the effects that a non-vanishing baryon decuplet-octet mass difference ∆ introduces in the correction of order O(m 1/2 q ). In the large-N c limit, ∆ ∝ 1/N c so the degeneracy case constitutes a very good first approximation. However, a more realistic situation would be to consider ∆ = 0.
Because both types of corrections involve a rather different mathematical complication, as a second approximation we study the case indicated above and postpone the analysis of the other one [15] .
In a complete parallelism to Ref. [9] , we constructed the baryon operator that describes the order O(m 1/2 q ) correction to baryon magnetic moments. This correction arises from the Feynman diagrams depicted in Fig. 1 . The explicit dependence on ∆ is contained in the definition of the baryon propagator (9) . After a long, tedious, but otherwise standard calculation, we obtain the spin-dependend terms, (29) and (30), which have to be combined with the spin-independent ones already computed in Ref. [9] . Expressions like (31) are thus obtained for µ The final analytical expressions were compared with the experimental data [14] through a least-squares fit and also crosschecked with other calculations within the 1/N c expansion [17] and chiral perturbation theory [10, 12] . We should stress that for octet baryons the comparison between analytical expressions was possible whereas for the other cases it was performed through numerical estimates. The overall comparison has been a successful one.
As for the least-squares fit, we also found evidence here that the invariant couplings Table I and then compared with other calculations. Again, there is an overall good agreement. Unfortunately, we still do not reproduce the numerical values of the SU(3) invariants F , D, C and H and µ F , µ D , µ C and µ T which appear in chiral perturbation theory. Certainly, there are some improvements in the determinations of H and µ T as compared with Ref. [9] . Further improvement should come from new and/or additional measurements on transition magnetic moments.
We should point out that the numerical values listed in Table I are a consequence of our working assumptions. In other words, the theoretical error added to the observed magnetic moments plays an important role in the fit itself. Either a larger or a smaller error has a strong impact on the output.
As mentioned in the previous section, the error we added is a conservative estimate and it should reflect somehow the degree of precision we achieve in the present analysis. What is important to state is that a non-vanishing ∆ leads to simplicity, stability and robustness of the fitting, which was hardly attainable in Ref. [9] . The preliminary results displayed in Table I should at any rate be improved by adding a non-vanishing ∆ to the correction of order O(m q ln m q ). This problem, however, requires a non-negligible effort and will be presented in a future work [15] .
